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Abstract 

Let if be a perfect field of characteristic p > 0, A\ := K (x, d\dx — xd = 1) be the 
first Weyl algebra and Z := K[X := x p ,Y := d p ] be its centre. It is proved that (i) 
the restriction map res : Aut^(Ai) — ► Aut^-(Z), a \— > cr\z, is a monomorphism with 
im(res) = T := {r G Aut^(Z) | i7(r) = 1} where i7(t) is the Jacobian of r (note 
that Autjc(Z) = K* k r and if K is not perfect then im(res) 7^ T); (ii) the bijection 
res : Aut^(^4i) — > V is a monomorphism of infinite dimensional algebraic groups 
which is not an isomorphism (even if K is algebraically closed); (m) an explicit 
formula for res -1 is found via differential operators T>(Z) on Z and negative powers 
of the Fronenius map F. Proofs are based on the following (non-obvious) equality 
proved in the paper: 

{f- + fT = (^) p + ^zi + f P , f€K[x]. 
dx dx dx p 1 
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1 Introduction 

Let p > be a prime number and ¥ p := Z/Zp. Let K be a commutative F p -algebra, 
A\ := K (x, d I dx — xd = 1) be the first Weyl algebra over K. In order to avoid awkward 
expressions we use y instead of d sometime, i.e. y — d. The centre Z of the algebra A\ is 
the polynomial algebra K[X, Y] in two variables X := x p and Y := d p . Let Aut k{A\) and 
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Aut k{Z) be the groups of X-automorphisms of the algebras A\ and Z respectively. They 
contain the subgroups of affine automorphisms Aff^!) ~ SL 2 (X) op x X 2 and Aff(Z) ~ 
GL/2(X) op x X 2 respectively. If X is a field of arbitrary characteristic then the group 
Aut k{K[X, Y]) of automorphisms of the polynomial algebra K[X, Y] is generated by two 
of its subgroups, namely, Aff(X[X, Y}) and U(K[X, Y}) :={</>/: X h-> X, Y h-> Y + f \ f E 
K[X]}. This was proved by H. W. E. Jung [I] in zero characteristic and by W. Van der 
Kulk [5] in general. 

If X is a field of characteristic zero J. Dixmier [3] proved that the group Aut k (Ax) is 
generated by its subgroups Aff (Ai) and U(Ai) := {0/ : x x, d \— > d + f \ f E K[x]}. If 
X is a field of characteristic p > L. Makar-Limanov |6j proved that the groups Aut k(A\) 
and r := {r E Aut^(X[X, Y]) \ J{r) = 1} are isomorphic as abstract groups where Jij) 
is the Jacobian of r. In his paper he used the restriction map 

res : Aut k (Ax) — > Autx(Z), o t— > a\z- (1) 

In this paper, we study this map in detail. Recently, the restriction map (for the rath Weyl 
algebra) appeared in papers of Y. Tsuchimoto [8], A. Belov-Kanel and M. Kontsevich [2], 
K. Adjamagbo and A. van den Essen pp. 

Theorem 1.1 Let K be a perfect field of characteristic p > 0. Then the restriction map 
res is a group monomorphism with im(res) = T. 

Note that Aut K (Z) =K* kT where K* ~ {r A : X i-> AX, Y i-> F | A G X*}. 

If X is not perfect then Theorem 11.11 is not true as one can easily show that the 
automorphism r 3 s M : X i— > X + /i, K i— > Y , does not belong to the image of res provided 
G K\F(K) where F : a i— > a p is the Frobenius. So, in the case of a perfect field we have 
another proof of the result of L. Makar-Limanov (in both proofs the results of Jung- Van 
der Kulk are essential). 

The groups Autx(Ai), Aut^-(Z) and F are infinite dimensional algebraic groups over 

K. 

Corollary 1.2 Let K be a perfect field of characteristic p > 0. Then the bisection res : 
Autx (Ai) — > T ; cr i — > o~\z, is a monomorphism of algebraic groups over K which is not an 
isomorphism of algebraic groups. 

The proofs of Theorem 11.11 and Corollary 11.21 are based on the following (non-obvious) 
formula which allows us to find the inverse map res -1 : V — > Aut^(A 1 ) (using differential 
operators T>(Z) on Z), see ( tHj) and Proposition 12.21 

Theorem 1.3 Let K be a reduced commutative ¥ p -algebra and Ai(K) be the first Weyl 
algebra over K . Then 

for all f E K[x). In more detail, (d + ff = d p - A p _ x + f p where f = J2 P iZi Kx { E K[x) = 
®\ZlK[x p ]x\ A, G K[x p ]. 
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Remark. We used the fact that f ' p _{ = (p — l)!A p _i and (p — 1)! = —1 mod p. 
The group T is generated by its two subgroups U (Z) and 

T n Aff(Z) = {a A>a ■ ($) >-> A($) + a\A G SL 2 (K),a G K 2 } ~ SL 2 (K) op X if 2 . 

Recall that the group Autx(^i) is generated by its two subgroups U(A\) and 

Aff(Ai) = {a A , a : (y) ^ A(y) + a \ A <E SL 2 (K), a G K 2 } ~ SL 2 (iT) op x if 2 . 

If if is a perfect field of characteristic p > then Theorem 11.31 shows that 

res(Aff(Ai)) = m AS(Z), and res(C/(A 1 )) = C/(Z). 

In more detail, 

°7aP 6P We? V if P > 2, 



resrAff^O-rnAff^), a ra6 w e) ^< VcPrfpM/W 

- 2 d 2)A f 2 +cd> 



see Lemma I3TTI and (TTTT) ; and 

res : U{A X ) - </> f » <f> 0(f) , 

where the map := F + J^ p -i : if [x] — + if [x p ] is a bijection. An explicit formula for 
the inverse map 9~ l is found (Proposition 12.21) via differential operators T>{Z) on Z and 
negative powers of the Frobenius map F. As a consequence, a formula for the inverse map 
res -1 : Y — > Autx(Ai) is given, see ([Tj 



2 Proof of Theorem 11.31 and the inverse map 6 1 



In this section, a proof of Theorem 11.31 is given and an inversion formula for a map 6 is 
found which is a key ingredient in the inversion formula for the restriction map. 

Proof of Theorem [L3j The Weyl algebra Ai(if) ~ if <g> Fp -4i(F p ), the Frobenius 
F : a i— > a p and are well behaved under ring extensions, localizations and algebraic 

closure of the coefficient field. So, without loss of generality we may assume that K is 
an algebraically closed field of characteristic p > 0: the commutative F p -algebra if is 
reduced, n pg s P ec(if)P = 0, and Ai(K)/Ai(K)p ~ A\(K/p), and so we may assume that 
if is a domain; then A\{K) C Ai(Frac(if)) C Ai(Frac(if)) where Frac(if) is the field of 
fractions of K and Frac(if ) is its algebraic closure. 

First, let us show that the map L : K[x] — * if[x p ], / h- > L(f), defined by the rule 

(d+fy = p + L(f) + f>, 

is well defined and additive, i.e. L(f + g) = L(f) + L(g). The map 

K[x] — > AutK(Ai), f i— > cr/ : x I— >■ x, 9 I— >■ d + /, 



3 



is a group homomorphism, i.e. <Jf+ g = o-fcr g . Since d p G Z(A\) = K[x p , d p ] and (<9 + f) p = 
a(d) p = a(d p ) G Z(Ai), the map L is well defined, i.e. L(f) G if [x p ]. Comparing both 
ends of the series of equalities proves the additivity of the map L: 

d p + L(f + g) + f p + g p = a f+g (d) p = a f+g (d p )=a f a g (d p )=a f (d p + L(g) + g p ) 

= d p + L(f) + f p + L(g) + g p . 

In a view of the decomposition K[x] = ® P ZlK[x p ]x l and the additivity of the map L, 
it suffices to prove the theorem for / = \x m where m — 0, 1, . . . , p — 1 and A G if [;r p ]. In 
addition, we may assume that A G if . This follows directly from the natural F p -algebra 
epimorphism 

Ax{K[t\) -> A X {K), t^X, x^x, d^d, 

and the fact that the polynomial algebra if [t] is a domain (hence, reduced). Therefore, it 
suffices to prove the theorem for / = Xx m where m = 0, 1, . . . ,p — 1 and A G if*. 

The result is obvious for m = 0. So, we fix the natural number m such that 1 < m < 
p — 1 . Then 

m— 1 

Z m (A) :=L(Ax m ) = ^U(A)x fep 

fc=0 

is a sum of additive polynomials / m fc(A) in A of degree < p — 1 (by the very definition of 
L(\x m ) and its additivity). Recall that a polynomial l(t) G if [t] is additive if Z(A + p) = 
/(A) + A(/i) for all A,/i G if. By Lemma 20. 3. A [7j, each additive polynomial l(t) is a 
p- polynomial, i.e. a linear combination of the monomials t p \ r > 0. Hence, Z m (A) = a m A 
for some polynomial a m = Y^k=o a mkX kp where a m k G if, i.e. 

m— 1 

(9 + Ax m ) p = <9 P + A a mkX kp + {\x m ) p . 

k=0 

Applying the if -automorphism 7 : x 1— > fix, d 1— ► p~ l d, \i G if*, of the Weyl algebra to 
the equality above, we have 

LHS = (ii- 1 ^ + Xp m x m ) p = p- p {d + \p m+1 x m ) p 

m—l 

= p~ p {d p + A/i m+1 a mkX kp + {\p m+l x m ) p ) 

k=0 

m—l 

RHS = p- p d p + A a mkP kp x kp + (Xp m x m ) p . 

k=0 

Equating the coefficients of x kp gives \a m kp m+1 ~ p = Aa m fc/x fcp . If a m k 7^ then jj J m+l ~ p = 
/j, kp for all fj, G if*, i.e. m + 1 — p = kp. The maximum of m + 1 — p is at m = p — 1, the 
minimum of fcp is at = 0. Therefore, a m fe = for all (to, k) 7^ (p — 1, 0). 
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For (m, k) = (p — 1, 0), let a := a p -\<Q. Then 

(d + Xx p ~ 1 ) p = d p + Xa + {Xx p - 1 ) p . 
In order to find the coefficient a G K, consider the left Ai-module 

V := A 1 /(A 1 x p + Aid) ~ F[x]/F[x p ] = G^Kx 1 
where x l := x % + A\x p + Aid. An easy induction on i gives the equalities: 

(d + Xx p ~ 1 ) i x p ~ 1 = (p-l)(p-2)-..(p - OS" -1- *, z = 1, 2, . . . ,p - 1. 

Now, 

(9 + Arr p-1 ) p 2c p - 1 = (<9 + Ax p_1 ) (<9 + Xx p ~ 1 ) p ~ 1 x p ~ 1 = (<9 + A^ x )(p - 1)!T = (p-l)!A^ x . 
On the other hand, 

(<9 P + Aa + (Az p - 1 ) p )x p - 1 = Xax p -\ 

and so a = (p - 1)! = — 1 mod p. This finishes the proof of Theorem 11.31 □ 

The map 6 and its inverse. Let K be a commutative F p -algebra. The polynomial 
algebra K[x] = @i>oKx l is a positively graded algebra and a positively filtered algebra 
K[x] = Ui> K[x]<i where K[x]<i := ©^Fx-? = {/ G Iffac] | deg(/) < i}. Similarly, the 
polynomial algebra K [x p ] in the variable x p is a positively graded algebra K [x p ] = (Bi>oKx pi 
and a positively filtered algebra K[x p ] = Ui>oK[x p ]<i where K[x p ]<i := &a =q Kx p ^ — {/ G 
K[a; p ] | deg a . P (/) < i}. The associated graded algebras gr F[x] and grif [a; p ] are canonically 
isomorphic to K[x] and K [x p ] respectively. For a polynomial / = Yli=o ( res P- 
g = XliLo/ i * a;Pi e -F[x p ]) of degree d, A^x^ (resp. fid% pd ) is called the leading term of / 
(resp. g) denoted 1(f) (resp. 1(g)). Consider the F p -linear map (see Theorem 11.31) 

9:F+ I^ : ^™"'* + P> (2) 

where F : / i— > f p is the Frobenius (F p -algebra monomorphism) . In more detail, 

p— l p— l 

: = G^K^x* -> F[x p ] = ©r-Q 1 ^^ 2 ]^, ^ i-> ^ a P x pi - a p _i, 

where aj G F[x p ]. This means that the map 9 respects the nitrations of the algebras 
K[x] and F[x p ], 0(K[x]<j) C -F[x p ]<j for all j > 0, and so the associated graded map 
gr(6) : K[x] — > F[x p ] coincides with the Frobenius F, 

gr(0) = F. (3) 

Lemma 2.1 Lei K be a perfect field of characteristic p > 0. T/ien 
1. gr(#) = F : K[x] — > F[x p ] an isomorphism of ¥ p - algebras. 
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2. 9 : K[x] — > i^[x p ] is the isomorphism of vector spaces over¥ p such that 9(K[x]<i) = 
K[xP]<i, i>0. 

3. For each f G K[x], 1(9 (f)) = l(f) p . 

Proof. Statement 1 is obvious since K is a perfect field of characteristic p > (F(K) = 
K). Statements 2 and 3 follow from statement 1. □ 

Remark. The problem of finding the inverse map res -1 of the group isomorphism 
res : Aut^^i) — ► I\ a i— > <j\z, is essentially equivalent to the problem of finding see 

(ED- 

The inversion formula for 9 1 (Proposition [272]) is given via certain differential operators. 
We recall some facts on differential operators that are needed in the proof of Proposition 

Let K be a field of characteristic p > and = ®i>oK[x]d^ be the ring of 

differential operators on the polynomial algebra K[x] where := fr- The algebra K[x] 
is the left 2) (if [a;]) -module (in the usual sense). The subalgebra K[x p ] = (B p IqK[x p2 ]x pi of 
K[x] is x p (^-invariant and, for each i = 0, 1, . . . ,p — 1, i^[x p ]x pi is the eigenspace of the 
element x p <9' p ' that corresponds to the eigenvalue i. Let J(i) := {0,1, ... ,p — 1}\{z}. Then 

vr, := flM 11 *^ ^ . K[xP] ^ K[x p\ ^ ~ a % , (4) 

where all G if[x p ] (since the map J ^- J( ' ) — : fC[x p ] — > K[x p ] is the projection onto 

the summand K[x p2 ]x p% in the decomposition K[x\ = ® p ZlK[x p2 }x p% and d^ pt \aiX p% ) = Oi). 
Let .fT be a perfect field of characteristic p > 0. Consider the F p -linear map 

d [( P -i) P ] F -i . R ^ _^ R ^ J2 a iX p2i h- 4-±+ P i xp2i i ( 5 ) 

i>0 i>0 

where a,i G iT. By induction on a natural number n, we have 

t>0 i>0 

This shows that the map 

d [(p-i) P ] F - 

is a locally nilpotent map. This means that K[x p ] = 
U n >iker(<9[( p - 1 ) p ]F- 1 ) n , i.e. for each element a G K[x p \ (d^' 1 ^ F^fia) = for all 
n ^> 0. Hence, the map 1 — d^^'^F" 1 is invertible and its inverse is given by the rule 

(i _ qKp- i )p] F^y 1 = y^gKp- 1 )?] F~ l y . (7) 

The following proposition gives an explicit formula for 
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Proposition 2.2 Let K be a perfect field of characteristic p > 0. Then the inverse map 

1. /or i = 0, 1, . . . ,p - 2, \ = ti\ + F-^F- 1 E^oid^-^F-y^P-i), 
7Tj defined in Q). 

Proo/. Let o = Ef= V^ e //, G K[x^]; f = G K[x], A, G 

and A p _x = Ef=o Qi e ^[a^]. Then ^(c) = / iff o = 0(/) iff F~ 1 (g) = F^ 1 6(f) iff 

p— i p— i 

53 f- 1 ^)^ = F-\F{f) - vo = / - mvo = E( A * - 

j=0 8=0 

iff 

A< = F- 1 (/i i + a i ), z = 0,l,...,p-l. (8) 
For i = p — 1, the equality (jSJ) can be rewritten as follows 

P-2 

53 + a p ^x p ^ = F~\ti p _ x + Op_i). (9) 

i=0 

For each z = 0, 1, ... ,p — 2, applying the map 7Tj (see (HI)) to (E]) gives the equality a« = 
7ri-F -1 (jU p _i + a p _i), and so the equalities (jHJ) can be rewritten as follows 

Ai = F- 1 (/i i +7r i i5 , - 1 (^ p _i + a p _i)), z = 0,1,..., p-2. (10) 
Applying ^Cp- 1 )*] to © yields a p _! = d^- 1 ^ F' 1 (ti P -i + a p _i), and so (1 - A)a p _i = 
A(// P _i) where A := d^^F' 1 . By ©, a p _i = E,>i Ai (/^-i)- Putting this expression 
in ([10]) yields, 

A, = + F-^F- 1 ^ A^/i^O, i = 0, 1, . . . ,p - 2. 

i>o 

This proves statement 1. Finally, 

p-l p-2 

a p _! = 53 a ^ pi = 53 ai%pi + a P-i^ p(p_1) 

j=0 i=0 
p-2 

= 53x p V 4 F- 1 (/i p _ 1 + a p _ 1 ) +x p ( p - 1 )53A^( /Up _ 1 ) 

i=0 j>l 

p-2 

= 53 x^tt.f- 1 53 a'c^o + x^- 1 ) 53 

4 = j>0 j>l 

p-2 

= (53^^f" i 53(^ [(p " 1)p] ^" 1 )^^ (p ~ 1) 5Z( 9[( ^ 1)p1f_1 ) j )^ 1 )- d 

i=0 i>0 j>l 



3 The restriction map and its inverse 

In this section, Theorem 11.11 13.41 and Corollary 11.21 are proved. An inversion formula for 
the restriction map res : Aut^(Ai) — > T is found, see ( 1141) . 

The group of affine automorphisms. Let K be a perfect field of characteristic 
p > 0. Each element a of the Weyl algebra Ai = ®ij & nKx l y l is a unique sum a = 
^2 ^ijX l y^ where all but finitely many scalars Ay G K are equal to zero. The number 
deg(a) := max{i + j \ Xij ^ 0} is called the degree of a, deg(0) := — oo. Note that 
deg(afr) = deg(a) + deg(6), deg(a + b) < max{deg(a), deg(6)}, and deg(Aa) = deg(a) for 
all A G K*. For each a G Aut^(yli), 

deg(a) := max{deg(o-(x)),deg(cr(y))} 

is called the degree of a. The set (which is obviously a subgroup of Aut^(Ai)) Aff(yli) = 
{a G Aut^(Ax) | deg(cx) = 1} is called the group of affine automorphisms of the Weyl 
algebra A 1 . Clearly, 

Aff(Ai) = {a A>a ■ (y) !-> A(y) + a \ A e SL 2 (K),a G K 2 }, a A , a (TB,b = °BA,Ba+b- 

For each group G, let G op be its opposite group (G op = G as sets but the product ah 
in G° v is equal to ha in G). The map G — > G op , g i— ► g -1 , is a group automorphism. 
The group Aff(Ai) is the semi-direct product SL 2 (K) op k if 2 of its subgroups SL 2 (K) op = 
{(7a,o I A G SL 2 (if)} and K 2 ~ {er 1)(1 | a G if 2 } where if 2 is the normal subgroup of Aff(/li) 
since o-A,oO'i ta a^ 1 = ai^A-^a- It is obvious that the group Aff(zli) is generated by the 
automorphisms: 

s:ihi/,i/h-i; tp : x fJ,x, y h-> /i^ 1 ?/; Axl : x i-f x, y^y + Xx\ 

where \ e K, ]i e K* and £ = 0, 1. 

Recall that the centre Z of the Weyl algebra A\ is the polynomial algebra K[X, Y] in 
X := x p and Y := y p variables. Let deg(z) be the total degree of a polynomial z G Z. For 
each automorphisms a G Aut^(Z), 

deg(a) := max{deg(a(X)), deg(a(F))} 

is called the degree of a. 

AS(Z) := {a G Aut K {Z) | deg(a) = 1} = {a Aa : ( x y ) ^ A( x y ) + a\ A e GL 2 (K), a G K 2 } 

is the group of affine automorphisms of Z, OA,a,o~B,b = VBA,Ba+b, The group AS(Ai) is the 
semi-direct product GL 2 (K)°p x K 2 of its subgroups GL 2 (K)°*> = {a Afi \ A G GL 2 (K)} 
and K 2 ~ {o~i >a \ a G K 2 } where K 2 is the normal subgroup of Aff(Z) since c^oci^c^ q = 

A group G is called an exact product of its subgroups G\ and G 2 denoted G = G\ x ex G 2 
if each element g G G is a unique product g = g\g 2 for some elements g\ G G\ and g 2 G G 2 . 
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Then GL 2 (K)°p = K* x ex SL 2 (A)°p where A* ~ {7^ : X i-> /iX, F ^ F | /i G X*}, 
lulu = lav Clearly, Aff(Z) = (A* x ex SL 2 (A) op ) K A 2 , and so the group Aff(Z) is 
generated by the following automorphisms (where A G K, fj, G A'* and £ = 0, 1): 

s : I h y, y !-». -X; t^iK/ii, y ^ </> AXl : x ^ x, Y ^ Y + AX*; and 7m . 

The automorphisms t M and 7^ commute. 

Lemma 3.1 Let K be a perfect field of characteristic p > 0. Then the restriction map 
res a /y : AS(Ai) — > Aff(Z), cr 1— > cr|^ ; a group monomorphism with im(res a /j) = 
SL 2 (X)°pkX 2 . 

Proo/. Since res a// (s) = s; res a// (t M ) = t^; for i = 0, 1, res a// (</> Aa .i) = APX * if p > 2 
and res a ff(4>xx i ) = 4 , x 2 x i +5 i iA if P = 2 where c^i is the Kronecker delta (Theorem II .31) . i.e. 



a (a.r W) ( e p p ), ifp>2, 

, c 2 d 2)>\f +cd , 



res aff (a (ab)( e ) )= { (11) 



the result is obvious. □ 



Lemma 3.2 T7ie automorphisms of the algebra Z: s, t^, <pxx i and^f^ satisfy the following 
relations: 

1. st /1 = tp-is and 57^ = 7^-1 s. 

2- 4>\xitfj. = t^xp-i-ix* and 4>xxHv = 7/x<A\/x-*x< ■ 
3. s 2 = t_x, s- 1 = t_ lS ilH-yjHl. 

Proof. Straightforward. □ 
The map 

K[x] -> Aut(z), /^0 /: x^x, y^y + /, 

da-(X) da-(X) 

is a group monomorphism {4>f+g = 4>f4>g)- F° r °~ e Aut(Z), J7"(cr) := det( ) is 

the Jacobian of cr. It follows from the equality (which is a direct consequence of the chain 
rule) J {or) = J{a)a{J{r)) that J {a) G A* (since 1 = J(aa- 1 ) = J r (cr)a(J r (cr- 1 )) in 
A[X, Y]), and so the kernel r := {a G Aut#(Z) | J{p) = 1} of the group epimorphism 
J : Aut(Z) — > A*, a 1 — > i7(cr), is a normal subgroup of Aut^(Z). Hence, 

Aut x (Z) = A* x r (12) 

is the semi-direct product of its subgroups T and A* ~ {7^ | fi G A*}. 

Corollary 3.3 Let A be a field of characteristic p > 0. Then 
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1. Each automorphism a G Aut k(Z) is a product a = ■y^t u (j)f 1 S(j)f 2 s . . . 4>f n _ 1 s(()f n for 
some K* and /, G K[x]. 

2. Each automorphism a G T is a product a = t^^stp^s . . . <f> , /„_ 1 s0 /„ for some v G K* 
and fi G K [x] . 

Proof. 1. Statement 1 follows at one from Lemma 13.21 and the fact that the group 
Auttf(Z) is generated by AS(Z) and 0axm A 6 if, i e N. 

2. Statement 2 follows from statement 1: a = ■y^t u (j)f 1 s(f)f 2 s . . . 0/ n _ 1 s0/ n G T iff 

1 = «7(<r) = JilnUfasffrS . . s0 /n ) = J^h/X 1 ) = 

iff (7 = t u (f) h S(f) h S . . . 4>f n _ x S<\>f n - D 

Proof of Theorem 11.11 Step 1: res is a monomorphism. It is obvious that 

deg res(cr) = deg a, o G Aut^(Ai). (13) 

The map res is a group homomorphism, so we have to show that res(a) = id^ implies 
a = id a x where id^ and id^ are the identity maps on Z and A x respectively. By ( TTBl . 
res(cr) = id^ implies deg(cr) = 1. Then, by (TTTj) . a = id^. 

Step 2: T C im(res). By Corollary 13.31 (2). each automorphism a G Y is a product 
o" = ~kv4>h s ■ ■ ■ ^/n-i s 0/n- Since res(t i) = t^, res^-i^)) = 0/ 4 and res(s) = s, we have 
o- = res(^i0 e -i (/l) s . . . ^e-^U-^e-^U)), and so T C im(res). 

5: T = im(res). Let a G im(res). By Corollary 13.31 (1). 

res(cx) = 7^0/i s . . . <pf n ^S(j) fn = 7 M res(r) 

for some r G Aut^(Ai) such that res(r) G T, by Step 2. Then res(ar _1 ) = 7^. By ( JT31 . 
deg(ar~ 1 ) = deg res(crr _1 ) = deg 7^ = 1, and so ar^ 1 G Aff(Ai). By Lemma I3TTI 7 M = 1, 
and so o = r, hence res(er) = res(r) G T. This means that T = im(res). □ 

If is a perfect field of characteristic p > we obtain the result of L. Makar-Limanov. 

Theorem 3.4 Let K be a perfect field of characteristic p > 0. Then the group Aut^(Ai) is 
generated by Aff(Ai) ~ SL 2 (A') op x K 2 and the automorphisms 4>\ x *, A G K* , i = 2, 3, . . .. 

Proof. By Theorem [TTTJ the map res : Aut^(A 1 ) — > T is the isomorphism of groups. 
By Corollary 13.31 (2). each element 7 G T is a product 

7 = t„0 A s . . . 0/ n _ x s0/ n = res(t^00-i (/l) s . . . fo-iy^sfo-Hfj). 

Now, it is obvious that the group Aut^(Ai) is generated by Aff {A\) and the automorphisms 
0^, \eK*,i = 2,3,.... □ 

The inverse map res -1 : T — > Aut^(y4 1 ). By Corollary 13.31 (2). each element 7 G T is 
a product 7 = t^^s . . . <j)f n _ 1 s<f)f n . By Proposition 12.21 the inverse map for res is given by 
the rule 
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res 1 : T -> Aut^(Ai), 7 = . . . i-> t i0 fl -i (/l) s . . . <f>9-^f n ^)S(f>e-\f n )- 

(14) 

Proof of Corollary ll.2l The group Autx(A) (resp. Aut#-(Z)) are infinite-dimensional 
algebraic groups over if (and over ¥ p ) where the coefficients of the polynomials a(x) and 
cr(y) where o G AutR-(Ai) (resp. of t(X) and r(Y) where r G Autj^Z)) are coordi- 
nate functions, i.e. generators for the algebra of regular functions on Autjf(Ai) (resp. 
Aut k(Z)). The group T is a closed subgroup of Aut^-(Z). By the very definition, the map 
res : Aut^(yii) — > T is a polynomial map (i.e. a morphism of algebraic varieties). By (JHJ) 
and Proposition 12.21 res -1 is not a polynomial map over (and over F p as well). □ 



4 The image of the restriction map res 



n 



Let if be a field of characteristic p > and A n = K{x\, . . . , X2 n ) be the nth Weyl algebra 
over if: for i, j — 1, . . . , n, 

[Xj, Xj] 0, , X n _|_j] 0, ^ij) 

where 5^ is the Kronecker delta. The centre Z n of the algebra A n is the polynomial 
algebra K[X±, . . . ,X 2n ] in 2n variables where X^ := x\. The groups of if -automorphisms 
Autif(A n ) and Aut^(Z n ) contain the affine subgroups Aff(A„) = Sp 2ri (if) op x K n and 
Aff(Z„) = GL n (if) op x K n respectively. Clearly, AS(A n ) = {a G Aut K (A n ) \ deg(a) = 
1} and AS(Z n ) = {r G Aut^(Z n ) | deg(r) = 1} where deg(a) (resp. deg(r)) is the 
(total) degree of a (resp. r) defined in the obvious way. The kernel T n of the group 
epimorphism J : Autx(-^n) "~ > r ^ <^"( r ) := det(^^) is the normal subgroup 
Tn := {t £ AutK(Z n ) I J7"(r) = 1}, and Autft-(Z n ) = if* tx T n is the semi-direct product of 
K* ~ { 7a , I 7m (X0 = yXx^iXj) = Xj,j = 2, . . . , 2n; u G if*} and T n . 

By considering leading terms of the polynomials cr(Aj), it follows as in the case n = 1 
that the restriction map 

res„ : Aut K (A n ) -> Aut x (Z n ), <r >-»• <t|z b , 

is a group monomorphism. If if is a perfect field then 

res„(Aff (AO) = Sp 2 „(if) op x if 2 ™ C AS(Z n ) = GL 2n (K)°v x if 2 ". 

This follows from the fact that for any element of AS(A n ), <jA, a '■ % l— * Ax + a where 
A = (ciij) G Sp 2n (if) and a = (a*) G if 2n , 

, v f^(o?.),(rf) ifp>2, 
res n (a Aa ) = < l « M * ; (15) 

l^),K+E? =1 lf ^ = 2 ' 
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which can be proved in the same fashion as (TTTT) . Since Sp 2n (K) C SL 2n (K) (any symplectic 
matrix S G Sp 2n (K) has the from S = TJT^ 1 for some matrix T G GL 2n (K) where 
J = diag(( _°x o ), • • • , ( -i o )); n times, hence det(S') = 1), 

res n (Aff(A n )) C SL 2n (K) op x K 2n c T n . 

Question 1. For an algebraically closed field K of characteristic p > 0, is im(res n ) cr„? 
Question 2. For an algebraically closed field K of characteristic p > 0, is the injection 

Aff(Z n )/res n (Aff(A n )) ~ GL 2 „(AT P /Sp 2n (K) op ^ Aut A <Z n )/im(res n ) 

a bijection? 

Corollary 4.1 Let K be a reduced commutative ¥ p -algebra, A n (K) be the Weyl algebra, 
and di := x n+ i. Then 

(d i + f) p = d! + —i + f p 

for all polynomials f G K[ 

Proof Without loss of generality we may assume that i — 1. Since K[x 2 , . . . ,x n ] is a 
reduced commutative F p -algebra and d\ + f G Ai(K[x 2 , ■ ■ ■ ,x n ]), the result follows from 
Theorem 11.31 □ 
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